Abstract. We look at density of periodic points and Devaney Chaos. We prove that if f is Devaney Chaotic on a compact metric space with no isolated points, then the set of points with prime period at least n is dense for each n. Conversely, we show that if f is a continuous function from a closed interval to itself, for which the set of points with prime period at least n is dense for each n, then there is a decomposition of the interval into closed subintervals on which either f or f 2 is Devaney Chaotic. (In fact, this result holds if the set of points with prime period at least 3 is dense.)
There are a number of different definitions of what it means for a function f , from a compact metric space X , to itself, to be chaotic (see, for example, [2] ). One of the most frequently discussed (not least in this journal) is Devaney's [6] , which isolates three essential characteristics of a chaotic function. A function is said to be Devaney Chaotic provided:
• it is (topologically) transitive, that is for any two open nonempty sets U and V , there is some n ∈ N such that f n (U ) ∩ V is nonempty; • has a dense set of periodic points, i.e., that every open set contains a periodic point;
• and is sensitive to initial conditions (or has sensitive dependence on initial conditions), so that there is a sensitivity constant δ > 0 such that for every x ∈ X and every ε > 0, there is some point y and some n ∈ N such that d(x, y) < ε but d( f n (x), f n (y)) ≥ δ.
Banks et al. [3] prove that the sensitivity condition is unnecessary; if f : X → X is a transitive continuous map on an infinite compact metric space X that has a dense set of periodic points, then f has sensitive dependence on initial conditions. Assif and Gadbois [1] show that, for general X , neither transitivity nor dense periodicity are implied by the other two conditions. However, Vellekoop and Berglund [11] prove that, for a continuous map of a compact interval, transitivity implies a dense set of periodic points, so that transitive maps of compact intervals are Devaney Chaotic. Silverman [9] proves equivalent results, at least in the case of compact metric spaces without isolated points where transitivity is equivalent to the existence of a dense orbit. See also [5, 7, 10] for interesting perspectives on Devaney's definition.
As simple examples, we note that a rational rotation of the circle has a dense set of periodic points but is not transitive and an irrational rotation has no periodic points but is transitive. Neither of these functions are sensitive to initial conditions. It turns out, however, that a notion somewhat stronger than dense periodic points does imply Devaney Chaos in some situations. Given f : X → X , for each n ∈ N we define P n ( f ) = {x : x is a periodic point of f with prime period m ≥ n}.
We write P n when f is clear from the context. Proof. Suppose that, for some n, P n is not dense. Let U be the (nonempty) complement of the closure of P n . Since X has no isolated points, U is infinite (in fact it has the cardinality of the continuum). Since the periodic points are dense, every nonempty open subset of U must contain periodic points, but, by the definition of P n , they all have periods strictly less than n. By the result of Silverman mentioned above, there is a point z with a dense, hence infinite, orbit. It follows that there is some fragment, z 0 , z 1 , . . . , z n−1 , of the orbit of z of length n starting with z 0 = f k (z) in U and ending with z n−1 = f k+n−1 (z) (it need not stay in U ). Let ε be the minimum of the distances
, which is a subset of B i+1 . But then V 1 ∩ U is nonempty (it contains z 0 ), so there is some periodic point y ∈ V 1 ∩ U . Since y ∈ U , y has period no more than n − 1, but y ∈ V 1 , so f i (y) ∈ V 1+i , for each i ≤ n − 1, so that period of y is at least n, which is a contradiction.
As mentioned above, having a dense set of periodic points does not imply transitivity. Theorem 1 shows that if f is transitive and has a dense set of periodic points, then P n is dense for all n ∈ N. The following example shows that a map can be sensitive to initial conditions and have P n dense for all n ∈ N but not be transitive. It also shows that a map can have P n dense for all n ∈ N but be neither transitive nor sensitive to initial conditions.
Then f is a homeomorphism of D and the restriction f r of f to C r = {z : |z| = r } is a rotation of order r . If r is irrational, then each point of C r has infinite orbit and f r is transitive. If r = p/q is rational, with p and q in lowest terms, then every point in C r has period q. Since the set of rationals with denominator at least n is dense in [0, 1],
= |z| for any z and any n, f is not sensitive to initial conditions (points cannot move away from 0). It is also clear that f is not transitive; for example, for no n does
If g is the restriction of f to {z : 1/2 ≤ |z| ≤ 1}, then P n (g) is dense for all n and g is sensitive to initial conditions but not transitive.
It turns out, however, that if f is a map of the interval [0, 1] and P 3 ( f ) is dense, then f is chaotic in the following sense: [0, 1] can be written as a union of countably many closed nondegenerate subintervals; if two of these intervals intersect, they intersect only at their end points; either f or f 2 is Devaney Chaotic on each of the intervals.
Barge and Martin [4] prove related results describing the structure of a continuous function f of a compact interval I for which there is a dense set of periodic points. They prove that for such an f there is a (possibly finite or empty) collection of closed subintervals {J 1 , J 2 , . . . } meeting only at their end points such that: Recall that any union of nondegenerate intervals can be written as a countable collection of disjoint intervals (by joining together intervals that overlap). Note that if the periodic points are dense, the continuous image of any interval is a nondegenerate interval, i.e., is not a single point. In general, any continuous function on a compact metric space with a dense set of periodic points is a surjection. To see this, note that the image f (X ) is compact, hence closed, and it contains all the periodic points. Proof.
The arguments for cases (1) and (2) are is similar to that for (3), so we suppose that 0 < a < b < 1. Before proving our main result, we first observe that P nk ( f ) is a subset of P n ( f k ). To see this, suppose that x is in P nk ( f ). This means that x has prime period m ≥ nk with respect to f . Certainly f k j (x) = x for some j, but j ≥ n since x has prime period greater than nk (with respect to f ). Hence x is in P n ( f k ). It follows, in particular, that if P n ( f ) is dense for all n, then P n ( f k ) is dense for all n. Now, P 3 ( f ) is the union of P 4 ( f ), which is a subset of P 2 ( f 2 ) and the set of points of period 3 under f . But if x has period 3 under f , then it has period 3 under f 2 . It follows that
and both f and f 2 have a dense set of periodic points that are not fixed.
Our main theorem says that if f : [0, 1] → [0, 1] is a continuous function and that P 3 is dense (which certainly holds if P n is dense for all n), then there is a collection of closed intervals whose union is dense in [0, 1] on which either f or f 2 is Devaney Chaotic. As one of our referees mentions, this adds another perspective on Li and Yorke's classic result that period 3 implies chaos [8] . In each of cases (1), (2), and (3), at least one of the points a and b is not equal to 0 or 1 and is fixed, so that by Lemma 
